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ABSTRACT 


This paper mainly explores the existence of state estimator for the 
fifth-order laser dynamic systems. At the same time, we use the 
techniques of differential and integral inequality to design a 
nonlinear state estimator such that the global exponential tracking 
exponential 
convergence rate can be calculated correctly. Finally, several 
numerical simulation results are presented to illustrate the 


can be guaranteed. Besides, the 


applicability and correctness of the main theorem. 
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1. INTRODUCTION 

In recent years, various issues related to laser 
dynamic systems have been discussed. and studied; 
see [1-5] and the references therein. Based on delay 
differential equation, a circuit-level model. of 
semiconductor mode-locked laser has been present 
n [1]. In [2], a computational model has been 
provided for frequency stabilization of a laser 
source using the technique of extremum-seeking 
control. Besides, the first spectral beam combining 
demonstration of the solid-state lasers has been 
explored and proposed in [3]. 


On the other hand, due to the lack of measurement 
equipment, the estimation of the state variables of 
real physical systems is more difficult; see, for 
example, [6-15]. Meanwhile, if the state variables 
are chaotic signals, the estimation of the state 
variables is even more challenging. 


This paper focuses on exploring the existence of 
state estimators for a fifth-order laser dynamic 
system. Using the techniques of differential and 
integral inequalities, a nonlinear state estimator will 
be designed to ensure that the fifth-order laser 
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dynamic system achieves the goal of global 
exponential tracking. Additionally, we will derive 
the exponential convergence rate of such a state 
estimator. Finally, several computer simulation 
results will be shown to demonstrate the 
applicability and correctness of the obtained results. 


2. PROBLEM FORMULATION AND MAIN 
RESULTS 

In this paper, we consider the following nonlinear 

laser system [4-5], and its dynamic equation is as 

follows: 


X, =—C,xX, —C,C,x, +¢,x,, (1a) 


T=00x =x 4Cx,, (1D) 
S64 =8 965, —2 205 (1c) 
X4 = O,X) — CyX; —Xy—XyX5, (1d) 


Xs =—C,X,+x,X,+x,x,, (le) 
y(t) =c5x,(¢) + c6x4(¢), (1f) 
y,(t)=c,x,(t)+c,x,(0), V t= 0, (1g) 
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where x(t)=|x,(t) x(t) x(t) x,(t) x (¢)[/ eR™ is the 
state vector, y(t)ely,(+) y,(JeR™ is the system 
output, and c,,c,,---,c, are the parameters of the 
system (1), with c,>0, c,>0, c, #c,, and csc, C&C, . 
In addition, we assume that the signals of x,(t) and 
x,(t) are bounded. 


Remark 1: It is worth mentioning that when 
c, =2,c, =0.002,c,;=20, and c,=0.25, the above 
system will produce chaos phenomenon [4]. 


Before introducing the main theorem, we first offer 
the following definition. 


Definition 1. The system (1) is exponentially state 
reconstructible if there exist a state estimator 
E z(t)=h(c(t), y(t)) and positive numbers k and a 
such that, for every t>0, 


x,(t)—z,(¢]<kexp(-a@t), Vie {1,2,3,4,5}, 
adt=la() alt) al) al) zh er™ 
expresses the reconstructed state of the system (1). 


In this situation, the positive number q@ 1s called the 
exponential convergence rate. 


where 


The main theorem of this paper is expounded as 
follows. 


Theorem 1. The system (1) is exponentially state 
reconstructible. Besides, a suitable state estimator 1s 
given by 


C/O, — Ce 
Zp = CZ, —C,C4Z + Sat ie . (2a) 
OA, — AQ, 
CAV, —C, Oy 
Ly = CC, — CYZy + ene it ) (2b) 
AA; — AQ, 
Xs Xs 
Sy (2c) 
OsAy— A, AsO, — AOL, 
AA; — Aa, AA; — AA, 
Zs = C425 + 23 +2y%4,V120, 2e) 


with the guaranteed exponential convergence rate 


a= min{c,,c,}- 
Proof. Define M => 


X; (1) 
e(t)=x,(t)—z,(t), Vie {2.3.4.5} (3) 


, Vie B,4}, from (1), (2) with 


it is easy to obtain that 


e3(t)= x5(t)—z,(¢) 
_ ae yi(t)— a yrlt) 


-]| + y(t) 


y a a) (1) 
As, — Aa, 


AA, — Aa, 


=0,Vr2=0; (4) 


e,(t)= x,(t)—z,(¢) 
_ a y2(t)— a,y,(1) 


—Q a, 
a | naan 7 at ae) 
Asa, — AgAy As, — AgAly 
=0,Vt>0; (5) 


é(t)= 4()- 40) 


= —C)X, — CC, X, 2 CX, 


CAV, -Cacy 
-|-98-aee isi -"i6 | 


A5A, — AA, 
. an O4 
S066 46, bad Daal Be 
A>A, — AA, 
CA, —C, Ay 
-|-a8 ae 1g V, — CMH | 
AA; —A,Q, 


= ~c,(x, = 2, )— CC, (x, — Zs) 

=—-C,e, (+)— C)C,€, (t), Vte2 0; (6) 
é,(t)= x,(t)-z,(0) 

= CCX, _ CX + CiX4 


— oe OZ + 
AA, — AQ, 


a 7 
As, — AeA, 


-|4es ~¢z,+ CAs Vy — CA, 4 
AsAy — AQ, 

o cca, -z,)-¢,(x, —z,) 

=¢,c,e,(t)-ce,(t) Vt20. (7) 


Let w(t):=e7(t)+e(t) with (6) and (7), it can be 
readily obtained that 
w(t) = 2é, (te, (1)+ 2e, (te, (t) 
= 2[- 1 (r) — €10€, (r)le, (r) 
- Ale,cye, (r)- Ci, (t)le, (1) 


=—2¢, le? (t) “le e; (1) 
— 2c, w(t), Vt20. 


This implies that, for every +>0, 


e*(t)< w(t)=e°w(0) 
= ¢*[e?(0) + e2(0)| Vie {1,2} 


It follows that, for every r>0, 
le, (1) < ee? (0)+e5 (0), Vie {1,2}. (8) 


Furthermore, form (1)-(5), one has 
é,(t)= x;(t)—z;(t) 
= —C4Xs is X,X3 + X5X4 
— - C4l5 1 2123 4 aa 
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Owing to (8), it results that 


dle“'e.(r)|_ te (t)4e%He (t) 


=c,e*e\t)+e*e 
dt 


= ele (r)x,(r)+ 2, (¢)x,(0)] 
=> e“e.(t)—e.(0) 
Mel dlee,(t)| , 


)+ Cy\ (r)x,(¢ ) dt 


Cal 
e e,(t )x, (¢ 


com 


=> e(t)=e | ele, (t)x,(t)+ e,(t)x,(t)| de 
0 
+e.(O)e - 
le; (t) 
< et | eft le, (r)||x,(¢) +]e,(¢)|>x, (1)\|ar 
0 
+ le, (Ole 
t 
<2Me“* e'(0)+e5(0)fe “le dt 
0 
+ le; (Oe 
= 2Me le; (0)+e;(0) leleral =i 
Cc6, 
+|e;(0) e 
eee cyt le? a ie ae ee +1] 
C; —c,| 
+|e;(0) a 
fe? (0) +€3(0) 
2 4M Je; (0)+ e, (0) +e, (0) ermintaea}r 
leg) 
Vt>0. (9) 


This completes the proof, in view of (4), (5), (8), 
and (9). 

3. NUMERICAL SIMULATIONS 

Consider the laser system of (1) with 


62,6; =0.002,c,=20, ¢,=025. (10a) 


(.=2,¢,=¢,=-1,and ¢.=1. (10b) 


By Theorem 1, we conclude that the system (1) 
with (10) is exponentially state reconstructible by 
the state estimator 


Z, =—2z,-0.004z,+2y,+2y,, (lla) 
Zz, =0.004z, -2z, +4y, +2y,, (1 1b) 
23 =Y,+N>5 (1 1c) 
229) 42)5: (11d) 


Z, = 0.252, + 323+ 2%24,Vt20, (lle) 


with the guaranteed exponential convergence rate 
a=0.25. The typical state trajectories of the system 
(1) with (10) and those of the system (11) are 
depicted in Figure 1 and Figure 2, respectively. 
Besides, the time response of error states between 
the above two systems is shown in Figure 3. 


4. CONCLUSION 

In this paper, the existence of state estimator for the 
fifth-order laser dynamic system has been explored. 
Using the techniques of differential and integral 
inequalities, a nonlinear state estimator that 
guarantee global exponential tracking has also been 
provided. In addition, the guaranteed exponential 
convergence rate of such a state estimator has been 
rigorously calculated. Finally, several numerical 
simulation results have been offered to show the 
applicability and correctness of the main theorem. 
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x4: the light green curve 
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Figure 1: Typical state trajectories of the system 


30 


z1(t); z2(t); z3(t); z4(t); z5(t) 


(1) with (10). 
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Figure 2: Typical state trajectories of the system 


e1(t); e2(t); e3(t); e4(t); e5/(t) 


(11). 
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Figure 3: The time response of error states. 
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